MINIMAL SINGULAR METRICS OF A LINE BUNDLE ADMITTING 

NO ZARISKI-DECOMPOSITION 
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I Abstract. We give a eoncrete expression of a mininial singular metric of a big line 

O , 1 bundle on a compact Kahler manifold which is the total space of a toric bundle over a 

.^ I complex torus. In this class of manifolds, Nakayama constructed examples which have line 

bundles admitting no Zariski-decomposition even after any proper modifications. As an 

application, we discuss the Zariski-closedness of non-nef loci and the openness conjecture 

of Demailly and KoUar in this class. 
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1. Introduction 

We consider the positivity of a big holomorphic line bundle over a compact Kahler com- 

^^ \ plex manifold. Especially, we are interested in the information related to the obstruction 

. - -' to the nef-ness of the line bundle. Our main result is the explicit construction of a minimal 

singular metric, or a singular hermitian metric of L with minimal singularities, of a big 

line bundle L when the manifold X is the total spaces of a smooth projective toric bundle 

over a complex torus. 

In this section, we introduce our result when {X^V) is a Nakayama's example ([H] IV 
§2.6, see Example 16.41 here), which is one of the most important examples when we study 
the obstruction to the nef-ness of the line bundle, since it admits no Zariski-decomposition 
even after any proper modifications. Let E\ be a sufficiently general smooth elliptic curve 



Key words and phrases, minimal singular metrics, Zariski decompositions, Nakayama's example, Kisel- 
man numbers, Lelong numbers, non-nef loci, multiplier ideal sheaves, a weak form of the openness conjec- 
ture of Demailly and Kollar. 
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such as C/(Z+ (tt + a/— 1)Z), ii^2 be a copy of -Ei, and z^ be a coordinate of Ej for j = 1,2. 
Let us fix an integer a > 1, points pi G Ei,p2 G -E'25 and define tlie tliree line bundles 
Lj{j = 0, 1, 2) over 1/ = Ei x E2 by 

Lo = C(2Fi-4F2 + 2A), 

Li = C((a-l)Fi + (a-l)F2 + (a + 2)A), 

and 

L2 = C((a + 3)Fi + (a-3)F2 + aA), 

where Fi stands for the prime divisor {pi} x E2 G V, F2 stands for the prime divisor 
El X {^2} C V , and A stands for the prime divisor {{x,y) G E x E \ x = y}. Then there 
is a hermitian metric hj over Lj whose curvature tensor ^J—IQ^. G Ci{Lj) is the harmonic 
form and each hj can be denoted as ^j(^, 77) (21^22) = e-2'rv'j(^ .^ )^^^ where 

4 -2 \ /zi^ 
-2 -2 J U2 



^i{z\z^) = {z\z^) 

^2{Z\Z^) = {Z\Z^) 



2a +1 -(a + 2) \ fz^ 
-(a + 2) 2a + 1 J i^^^ 

2a + 3 -a \ fz^ 
-a 2a-3 J U^ 



on each small open subset U oi V with appropriate local trivialization s^ of Lj on U. Let 
us set the variety X is the total space of a P^-bundle vr : P(Lo © Li © L2) — > l^ over l^ and 
L = Cp(LoeLieL2)(l)- Let f/ be a sufficiently small open set of V. We use the function 

{[x';x';x%z\z'') ^ [x'^Soiz^ z^);x'si{z\ z^);x''s2iz\ z^)] 

G (Cs°(2\ z^) © Cs^(2\ ^2) © Cs\z\ z^)y/C* = n~\z\ z") 

as a coordinate on 7r~^(f/), where Sj is a dual section of sK Using this coordinate, our 
main result applied to this example can be stated as followings. 

Theorem 1.1. Let {X,L) be the above example, which is introduced by Nakayama [H] and 
admits no Zariski-decomposition even after any proper modifications. There is a minimal 
singular metric h^i^ on L whose local weight function ip is continuous on X \ P(-Lo) cii^d 
is written by 

^ -sing log max (|xi|2".|xY^) 

at each point in ^{Lq) with the local coordinate [x^ , x"^ , z^ , z"^) = {[l;x^,x'^],z^,z'^), where 
H = {{a,fi)eR^\a,P>0, a\a + ^f = (1 - af + (1 - f3Y}. 

This expression enables us to compute the multiplier ideal sheaf J^ih^^^^) for each positive 
number t, whose stalk at xq G X is defined by 

^(^min)xo = {/ e Ox,x I l/pe"*^-" is lutegrable around x}, 

where (pram is the local weight function of /imin around a:o- 
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Corollary 1.2. j7'(/i^in) ^■^ trivial at any point in X \ P(Lo). For a point xq G P(-^o); the 
stalk j7'(/imin)zo of the multiplier ideal sheaf is the ideal of Ox,xo which is generated by the 
system of the polynomials 

{{x'nx^y \{p + l,q + l)e Int(St) n Z'}, 

where we denote by St the set {(to, t/3) G M^ | a, /3 > 0, a^{a + (3f > (1 - af + (1 - (3f} 
(For the shape of St in this case, see FigureU\). 




Figure 1. The shaded area of this figure represents the set 5*1. The set St 
is the set of points p G M^ which satisfies | G 5*1. 



According to [H], this {X, L) is an example which admits no Zariski-decomposition even 
after any proper modifications. So, it can be expected in this case that the behavior of 
this multiplier ideal sheaf is something different from algebraic cases. Indeed, the set of 
jumping numbers Jump('0;a;o) for a point x in F{Lo) (see [U] Section 5 for definition) can 
be written as following in this case; 



Jump(?/'; xo) 



P 



V^' 



2a2 



p,qEZ, 0<q<p, p — q = (mod 2) 



which is the set of the non-smaller roots of the quadratic equations 



4T2 _ 4pT + (1 - 2a^)p^ + q^ 







of T, where integers p and q satisfies the above conditions. This set has different properties 
from algebraic multiplier ideal sheaf. For example, it seems difficult to expect the "pe- 
riodicity" property, and does not have the "rationality" property, in this case (For these 
property, see [9] 1.12 or Remark 16.31 here). Especially, the singularity exponent c^^p (■?/;), 
which is the minimum number in the set of all jumping numbers, satisfies 



C:,^{ip) = V2a + 1, 



and it is clearly irrational. 
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More generally, we give a concrete expression of a minimal singular metric of a big line 
bundle L on the total space of such a toric bundle, see Theorem 14 .71 As an application, 
we discuss Zariski-closedness of the non-nef locus NNef (L) of L, see Corollary 15. 5[ and 
the weak openness conjecture of Demailly and Kollar ([^ 5.3 or Conjecture 15.91 here), see 
Corollary I5.10[ in this class. 

The organization of the paper is as follows. Let X be the total space of a smooth 
projective toric bundle over a complex torus, and L be a big line bundle over X. In Section 
2, we recall some facts and notations related to analysis on X and L. In Section 3, we fix 
a way to coordinate X, and study how proper modifications of X or zeros of holomorphic 
sections of L can be treated by using this coordinate. In Section 4, we construct a singular 
hermitian metric {e"'^'^} of L and show it is a minimal singular metric. In Section 5, we 
study some properties related to the positivity of L, as applications of the result in Section 
4. Here we introduce how to calculate the Kiselman numbers and the Lelong numbers of 
minimal singular metrics, and study the non-nef locus of L and multiplier ideal sheaves 
associated to minimal singular metrics. In Section 6, we introduce three examples for 
(X, L), all of which is based on the example introduced in [13], and apply our result to 
them. 

Acknowledgment. The author would like to thank his supervisor Prof. Shigeharu 
Takayama whose enormous support and insightful comments were invaluable during the 
course of my study. He is very grateful to Prof. Shunsuke Takagi for valuable comments 
and various suggestion. He also thanks Tomoyuki Hisamoto and Shin-ichi Matsumura who 
gave me invaluable comments and warm encouragements. 

2. Preliminaries to analysis on toric bundles 

2.1. Analysis on compact Kahler manifolds. In this subsection, let us recall some 
facts and notations related to analysis on a compact Kahler manifolds X and a holomorhic 
line bundle L on X. 

Let /i be a singular hermitian metric of L. Then, for each local trivialization of L on an 
open set of X, "the inner product" defined by h can be written as 

where z is a point in the open set, ^ and rj are points in C, which we regard as the 2;-fiber 
of L, and ?/^ is a locally integrable function defined on the open set, which we call the local 
weight of h. 

The local currents written as ddf^il) for the local weight tp oi h glue together to define the 
curvature current associated to h. We denote it by y/^Qh- 

The property "big" and "pseudo-effective" of line bundles are defined in algebraic ways 
(see [12] 2.2, for example, for details). But, the definitions of these properties can be 
reworded by using analytic words (see [6] 6.17 for details). Here we recall the reworded 
definitions. 
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Definition 2.1. We call L is pseudo-effective if there exists a singular hermitian metric h 
of L such that ^J—lQl^ > 0, and call L is big if there exists a singular hermitian metric h 
of L such that \/—lQh > £^i^ for some positive number e, where w is a Kahler form of X. 

The next theorem is introduced in [6] as an application of the Ohsawa-Takegoshi exten- 
sion theorem 1151. 



Theorem 2.2. (]B] 13.21) Let h he a singular hermitian metric of L satisfying a/— IG/i > 
eoj for some positive number e and a Kahler form u of X . For sufficiently large integer 
m, we define the Hilbert space T-Lm by 

U^ = H\X,L^®J{h'^)) 

with the inner product 

if, 9)= I fge-'^^dV^, 
Jx 

where if is the local weight of h and dV^^ is the volume form -^u^ , n = dimX. For 

sufficiently large m, Tim turns out to be a non zero finite dimensional space. 

Moreover, Let us denote an orthonormal basis of Tim by {gm,k)i<k<Nm- Then for every 

local trivialization of L on an open set U of X, and for every compact subset K ofU, there 

exists positive constants Ci,C2 independent of m and ^ such that 

V'(^) ^ < — log V'lfi'm.fel^;)!^ < sup ^{z)^ log-^ 

m m ^^ |x-^|<r m r" 

holds for all z e K and r < \d{K, X\U). 

In order to define the minimal singular metric, let us recall how to compare the singu- 
larities of plurisubharmonic functions. 

Definition 2.3. ([8] 1.4) Let ip and ip be plurisubharmonic functions defined on a neigh- 
borhood of X G X. We write ip -<sing ip sX x when there exists a constant C such that the 
inequality if + C > ip holds for each point sufficiently near to x. We denote yj ~sing i^ at 
X ii if -<sing "^ and if losing "^ holds at x. 

By using the notation we defined above, we can define the minimal singular metric as 
follows. 

Definition 2.4. Let /imin be a singular hermitian metric on L which satisfies \/— 10/i^.^ > 
0. We call /ijnin is a minimal singular metric if y^min -<sing "^ holds at any point x G X for 
all singular hermitian metric h satisfying yJ—lQ^ > 0, where ipmin and ip stands for the 
local weight functions of /imin and /i, respectively, of a local trivialization of L around the 
point X G X. 

It is known that there exists a minimal singular metric on every pseudo-effective line 
bundle. This fact is proved by considering the upper envelope of the supremum of the all 
appropriately normalized ?/;'s, where ip is as in Definition 12.41 (see [8] 1.5 for details). 
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Minimal singular metrics have information related to the positivity of L. In order to 
explain it, we introduce the definition of the divisorial Zariski-decomposition from [3] when 
L is big. In this case, the divisorial Zariski-decomposition, which is defined by using the 
minimal singular metric, coincides with the a-decomposition, which is defined algebraically 
in [H]. 

Let L be a big line bundle. We define the divisor N{L), the negative part of L, by 

N{L)= Yl K^min,r)r, 

r : prime divisor 

where v'min is the local weight of a minimal singular metric of L and lyi^Pmm, T) is the Lelong 
number of v^min at the divisor F. Here, we define the divisorial Zariski-decomposition of L 
by the decomposition of the cohomology class 

{L} = P{L) + {N{L)}, 

where we denote by {L} and {N{L)} by the cohomology class associated to L and N{L) 
respectively, and P{L) stands for the cohomology class {L} — {N{L)}, which is called the 
positive part of L. We call that L admits a Zariski-decomposition if the positive part P{L) 
is a nef class. 

2.2. Complex tori. In this paper, we mainly discuss toric bundles over complex tori. So 
here, let us introduce fundamental terminologies related to complex tori. Let A C C^ be a 
lattice. We denote C^/A by V and the natural map C^ -^ V hj p. 

Proposition 2.5. f]2] Chapter 3) Following four propositions hold for above d, V , and A. 
Here, let us denote by M.^ the set of all hermitian matrices of size dx d with C- coefficients. 

(1) There exists an injective ^.-linear map NS(y) CS M — )■ H^. 

(2) By this linear map, NS{V) is identified with the set {H G M.^ \ VA, // G A, Im [XHJjl) G 
Z}. 

(3) By this linear map, Nef (V^) is identified with the set 

{H G Hd I iJ > and H is an element of the image of the set NS(y) ® ffi}. 

(4) Let Ci{E) be identified with He G H^ by this linear map for a line bundle E on V, 
and let us denote by He the metric on E to which the curvature form associated is a 
harmonic form with respect to the Euclidean metric. Here we fix a point of V and denote 
by z = {z^, z^, . . . , z'^) a local coordinate of V around the point induced by the map p and 
the usual coordinate ofC^. Then, there exists an canonically determined local frame e of 
E on the neighborhood of the point such that, with respect to this local trivialization, the 
local weight function (fE of He can be written as 

ifE{z\z\...,z'') = Tl-{z\z\...,z'')HE 



z" 



VI 
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2.3. Toric bundles. Here, we introduce fundamental terminologies related to toric bun- 
dles. We follow [H] IV basically. 

Let A^ be a free Z- module of rank n, and M be the dual module Hom(A^, Z). We denote 
by Ci, 62, . . . , e„ generators of A^,and by e^, e^, . . . , e" the dual generators of M. We write 
iV]K and M]K for N ®M. and M ® ffi, respectively. We fix a group homomorphism 

and a fan S of A^, and construct the toric bundle vr: T7v(S,£) — )■ V. We make an as- 
sumption that the fan S is smooth projective, which means that the fan is defined by a 
smooth full-dimensional lattice polytope. Under this assumption, the toric variety T7v(S) 
is a smooth projective variety. Especially, S is a smooth complete fan. See [1] Chapter 
2 for details. We denote by £'" G Pic(V^) the image of m G M . For simplicity, we also 
denote by £*" the image of ?7i G M^ with respect to the linear map 

C®^: M^ ^Pic(y)®M. 

Definition 2.6. For cr G S, we define the affine toric bundle vr: T7v(o", £) — )■ V by 

T^(a,£) = Spec^ C^ 

with the canonical morphism to V, and the toric bundle vr: Tn{^,jC.) -^ V hj gluing 
{TAr(cr, £) — !■ V}a£j] in the natural way. 

For each cone a G S, there exists a corresponding C^ -orbit Oo-(£) as the case of toric 
varieties. Let us denote by V(cr, C) the closure of Oo-(£) as the subset of TAr(S, C). Just as 
the case of toric varieties, the codimension of Y{a, C) coincides with the dimension of a. 
So, especially, for cr G S which satisfies dim a = 1, V(cr, £) is a prime divisor of TAr(S, £). 

Definition 2.7. We denote by Ver(S) the set of the whole primitive generators f G A^ of 
one-dimensional cones of S. For v G Ver(S), we denote by F^ the prime divisor V(]R>of , C). 
Let us set 

SF7v(S,Z) = {/i: iV]R ^ R I for each ct G S, h\^ is linear, and h{N) C Z}. 

For h G SFAr(S, Z), we define the divisor Dh by 

i)6Vcr(S) 

As we state in the next proposition, it is known that any line bundle over TAr(S, C) can 
be written by using a divisor with such a form as 0{Dh), and a line bundle which is the 
pull-back of a line bundle over V. 

Proposition 2.8. ( [14\ 2.3) For any line bundle L on Tjv(S, C), there exists a line bundle 
Lq on V and an element h G SFjv(S,Z) such that 

L = 7i*Lo®0{Dh), 
where "= " stands for the existence of an isomorphism of line bundles. 
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Example 2.9. The cone {0} is always an element of the fan S. Let us consider the affine 
toric bundle Tjv({0},£). Let f/ be a sufficiently small open set in V and z i— )■ s^{z) be 
such local trivialization of £^^ on U as in Proposition 12.51 and z H- Sj{z) be the dual frame 
of the local frame z i— )■ s^{z) for j = 1,2, . . . ,n. It can be easily checked that the frame 
z I— )■ Sj{z) is also such section of C^'^^ = (£'^'')~^ as in Proposition I2.5[ Here, 

T^({0}, C)k,} = SpecC[.i(^), s\z), ..., s^^z), {s')-\z), {s'r\z), ..., (.")~^(^)] 



Sj[Z) 



= nc 

for z E U. Thus, it follows that the affine toric bundle Tjv({0},£) can be considered as 
the (C^)"'-bundle on V of which the the system {sj}j works as a local trivialization on U. 

Example 2.10. Let us set n = 2 and let Lq,Li,L2 be line bundles over V. Let £ be a 
map defined by e-' i— )■ Lj (g) Lq ^ (j = 1, 2) and S be the fan generated by the three cones 

cTi = Cone{ei, 62}, 0-2 = Cone{e2, -(ei + 62)}, and 0-3 = Cone{-(ei + 62), ei}. 

Let t/ be a sufficiently small open set in V and z \-^ si{z),z h- )■ s^^z) be such local 
trivializations of (Li ® Lq^)~^, (L2 ® Lq^)~^ of U as in Proposition 12.51 respectively, and 
s^ be the dual of Sj for j = 1,2. Here, 

TAr(o-i,£)||^} = SpecC[s^(2;),s^(z)], 
T^(a2,/:)|{.} = SpecC[is\z)r's'iz),is\z))-'], 
TNicT,,C)\{,} = SpecC[is\z)r\s\z){s\z))-'], 
for z eU . Using this expressions, we can calculate that 

Tjv(S, C) = F{Ov © {Li ® Lq^) © (L2 © Lq^)) = P(Lo © Li © L2). 
In this case, Ver(S) is the set consisted by the following three elements; 

vo = -(ei + 62), vi = ei, and V2 = 62. 
Let us define h G SFAr(S,Z) by vq h-> — l,t;i 1— )■ 0, and 1^2 i— ^ 0. Then the line bundle 
L = C'p(LoeLieL2)(l) can be written as 

L = 7r*Lo(S)0{Dh). 

Tjv({0}, £), which we considered in Example 12.91 is always a dense subset of T7v(S, £). 
In the case of toric varieties, or the case that V is the "0-dimensional complex torus", 
regular functions on Tjv({0}, C) can be regarded as meromorphic functions on Tjv({0}, C). 
There is an analogue of this fact in the general setting. 

Definition 2.11. Here, we use notations of Example 12. 9[ For m G M, we define the 
meromorphic section x"^ of 7r*C~"^ on Ti\f{T,,C) by 

n 

ix' ■ sAz\]. ^^ Wix^ ■ sAz^T^ = (xT' ■ (x^r^ ■■■■ (xT" 
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on Tn{{0}, C)\u, where nij = {■m,ej). 

3. TORIC BUNDLES OVER COMPLEX TORI 

3.1. Kahler-ness. First of all, we show that manifolds we consider is Kahler manifolds. 

Proposition 3.1. Let V be a complex torus and S be the fan defined by a smooth full- 
dimensional lattice polytope of M. Then the total space of the toric bundle vr: T7v(S,£) — )■ 
V is a Kahler manifolds for all morphism L. Especially, X is a projective manifolds if V 
is an abelian variety. 

Proof. Let a; be a Kahler form on V. We fix an element h G SF7v(S,Z) such that the 
corresponding divisor D^ on TAr(S,£) is vr-ample. The assumption that the fan S is 
defined by a smooth full-dimensional lattice polytope of M yields that there indeed exists 
such an element h in SFAr(S, Z). 

Then let {e~'^} be a smooth hermitian metric on the line bundle 0{Dh) and V— IG be 
the curvature tensor dd'^(^ associated to this hermitian metric. Then the form oj + \f—lQ 
defines a Kahler form on T7v(S,£), which proves the first half of the statement of the 
proposition. The latter half of the statement follows by the fact that we can choose u for 
the curvature tensor associated to a smooth hermitian metric defined on some ample line 
bundle over V when V is an abelian variety. D 

3.2. Holomorphic sections and local coordinates. Here, we also consider holomor- 
phic sections of a line bundle L over the total space of a toric bundle X . By Proposition 
12.81 without loss of generality, we may assume 

L = 7r*Lo®C(A,), 
where Lq is a holomorphic line bundle over V , and h is an element of SFAr(S, Z). 

Definition 3.2. We define by D^ the set {m G M^ \ Vx G N^, (m,x) > h{x)}. 

Proposition 3.3. (^[4] 4-3.3, [H] 1.16) When V is a {]- dimensional complex torus, the line 
bundle 0{Dh) is pseudo-effective if and only if the set Dh is non-empty. In this case, 

H\X,0{Df,))= C-x'". 

Now, we introduce a proposition which is a relative version of Proposition 13.31 
Definition 3.4. We set 

DNef (i^o, /i) = {m G Dft I Lo ® £™ is nef} 
Dpe{Lq, h) = {m G D/i I Lq ® C^ is pseudo-effective} 
for a line bundle Lq over V and an element h G SF7v(S, Z). 

Remark 3.5. For a line bundle Lq over a complex torus, the condition that Lq is nef 
is equivalent to the condition that Lq is pseudo-effective. So, we obtain the equation 

DNef (i^O) h) = npE(-^O) h) in our setting. 
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Since D/j is a bounded closed convex set, we clearly obtain the following lemma. 

Lemma 3.6. nNef(-^O)^) 'is a bounded closed convex subset of M^. 

Proposition 3.7. f ]Tl] 2.3, 2.4) The line bundle L = 7r*Lo ® 0{Dh) is pseudo-effective if 
and only if the set npE(i^O;^) ^s non-empty. In this case, we obtain the equation 

meOpE{Lo,h)nM 

Observation 3.8. Let us consider the meromorphic function x"^ ■ ^*/ which appeared in 
Proposition 13.71 by using notations of Example 12.91 Let f/ be a sufficiently small open set 
in V and z i— )■ s^{z) be such a local trivialization of Lq on U as in Proposition 12.51 Under 

the local trivialization z t-^ f s° ■ YYj=i ■^'^ ) i^) ^^ -^o ® C"^, we may assume / is written as 

f\u{z)=vi^)-U-flis^Y-'^^^ 
on U for some holomorphic function t] on U. Since 

X'" ■ vr7((x^' ■ s,{z)),) = x'^iix' ■ s,{z)),) ■ f{z) = (f[ix^Y-'^A v{z) ■ s%z) 

holds, it can be checked that x™ ■ vr*/ is a meromorphic section of 7i*Lq, indeed. Moreover 
we can check that it is an element of H^{X,L) = H'^{X,7t*Lq ® 0{Dh)), since m is an 
element of D/j. 

In Observation 13.81 we calculated x™ ■ tt*/ as a meromorphic section of 7r*Lo. From now 
on, we rewrite it as a holomorphic section of vr*Lo ® 0{Dh) by using a local coordinate we 
define next. 

Definition 3.9. Let a be an element of Smax, where we denote by Smax the set {a G S | 
dimo" = n} of the whole maximal cones in S. Since the fan S is smooth, there exists 
Vi,V2, . . . ,Vn € Ver(S) such that 

a = Cone {171,1^2,- ■ ■ ,Vn} 

and wi, ^2, . . . , f„ generates N. We call such vi, V2, . . . ,Vn iV-minimal generators of a. 

Let w^, w^, . . . , w" be the dual generators of t^i, ^2, . . . , Wn- Then the dual cone of a can 
be written as cr^ = Cone{w^, f^, . . . , v"'}. Let f/ be a sufficiently small open set in V. Let 
us fix such a local trivializations z i— )■ P (z) of £*'^ on U as in Proposition 12.51 and the dual 
section tj of P for j = 1, 2, . . . , n. Using these notations, we can calculate 



T^(a,£)|{,}=Spec C^^''^ 

ai,a2,...,an>0 



dJ 



= SpecC[t\z),t\z),...,r{z)] 
{4 
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for z & U . So, it turns out that T^i^a, C) is a C"-bundle which ti,t2, ■ ■ ■ ,tn gives a local 
trivialization on U. So, we can regard the map 

(a;\a;^...,a;",2;) i — y {x^ ■ij{z))j e TN{a,C)\{z} 

as a local coordinate on T^la, C)\u- We call this local coordinate the canonical coordinate 
of Tat (a, C)\u associated to the A^- minimal generator vi,V2, ■ ■ ■ ,Vn of a. 

Remark 3.10. Let Vi,V2, ■ ■ ■ ,Vn be A^-minimal generators of a, and (x\ x^, . . . , x", z) be 
the canonical coordinate of Tjv(cr, C)\ij associated to fi, f2, . . . , fn- Then, 

{x^- = 0} = r„^ 

holds ioT j = 1,2, . . . ,n on T7v(o", C)\u- 

Definition 3.11. For a G Smax, we denote by rricr G M the point which satisfies h(w) = 
{mcr,w) for all w & a. We call {TTio-jo- the Cartier data of Dh- 

Observation 3.12. Let a be an element of Smax, vi,V2, ■ ■ ■ ,Vn be A^-minimal generators of a, 
and (x"^,x^, . . . ,x", 2) be the canonical coordinate of T7v(cr, i2)|{/ associated to ^1,^2, . . . , w,i. 
In TAr(cr, £)|(7, the map 



n 



(x\a;^...,x'^,2) H> TTfx^V"^'''^^^ 



gives a local trivialization of 0{Dh), where {?7io-}o- is the Cartier data of D^. So, by using 
notations in Observation 13.81 

(x^x^...,a:",^)^ jf](x^y™-"^M -s^z) 

gives a local trivialization of L. Under this trivialization, x^ ' ^*/ ^ H^{^iL) can be 
regarded as the holomorphic function 




x^)^'"-'"-^^-^ -7/(2) 



on TAr(a-, £)! 



(7- 



The projective line P"*^ = {[z; w]} can be regarded as the union of two disks {[z; 1] | \z\ < 
1} and {[l;ty] | \w\ < 1} with radius 1. The following proposition is an analogy of this 
fact. 

Proposition 3.13. Let U be a sufficiently small open set in V , zq be a point in U , o be 
an element of Smax, ^1, ^2? • • • ? ^n be N -minimal generators of a , and {x^, x^, . . . , x'^, z) be 
the canonical coordinate of Tjs[{a, C)\u associated to Vi,V2, ... ,Vn- We set 

K,,,^ = {{x\x\ . . . ,x^ zo) G T^(a, £) | Vj G {1, 2, . . . ,n}, \x^ < 1}. 
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Then, 



0-6S 



holds. 



Proof. Since T^vdO}, £)|{^g} = vr ""^(zq), it is sufficient to show that 

U i^.,.o^TAr({0},/:)|{,„|. 



Let us fix a point y^ G TAr({0},£)|{^o} and an element r G Emax- Let Ui,U2, . . . ,m„ be 
A^-minimal generators of r, and (|/^, y'^, . . . , y"', z) be the canonical coordinate of TAr(r, £) |(7 
associated to ui, M2, • • • , Wn- In this coordinate, assume yo is written as (t/g, ?/q, . . . , ?/o , -Zo)- 
Since yo ^ T7v({0}, £), it turns out that yl j^ for all j. Thus, 

n 

w^o = -^logly^l -Uj 

i=i 

defines a point of N^. Since E is complete, there exists a a G Emax such that uq G a. 
Let vi,V2, ■ ■ ■ ,Vn be iV-minimal generators of a, and (x^, x^, . . . , x*^, z) be the canonical 
coordinate of Tjv(cr, £)|[/ associated to fi, V2, ■ ■ ■ , Vn- In this coordinate, yo can be written 
as 

n 



?/o= K%j^ ' ^' ,^0 



where v^,v'^, . . . ,v'^ is the dual basis of vi,V2, ■ ■ ■ ,Vn- On the other hands, Wq can be 
rewritten as 



Wo = -^log|j/ol -^fc = -^^^og\yo\{v\uk) -Vj = -^loj 
fc=i fc=i j=i j=i 



n(^o)^''^''^ 



fe=i 



■^i- 



Since we have chosen a as the condition uq E a holds, — log | ^^^^(yo)^*'^'"*'^! ^ 0? oi' 
1 11^=1(^0)^''^'"'°^ I ^ 1 holds for all j G {1,2, .. . ,n}. We thus get yo G -ft'o-.^o, which proves 
the proposition. D 

3.3. Modifications. Let E be a smooth projective fan of the n-dimensional lattice A^. 
Here, we fix a smooth subdivision fan E of E, and consider the toric bundle X = Tjv(E, C) 
and the canonical morphism fi: X ^ X. As the case of toric varieties, /i: X — )■ X is 
a proper modification of X. From this section, we use letters with subscripts such as 
vi,V2, . . . ,Vn for generators of N, and we denote the dual generators by the same letters 
with superscripts, such as v^,v'^, . . . ,v"', throughout this paper. 

First of all, we obtain the following result by monotone computations. 
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Lemma 3.14. Let a G Smax, cr G Smax be cones such that a <Z a, fi, ^2, • • • I'Wn be N- 
minimal generators of a, and vi,V2, ■ ■ ■ ,Vn be N -minimal generators of a. We denote 
by (x"^,x^, . . . ,x", 2;) and {x^ ,x^, . . . ,x'^,z) the canonical coordinates of T^i^a, C)\u and 
T7v(a, £)|(7, respectively. In these coordinates, the morphism fi: X ^ X can be written as 



/i(x^x^...,x",^) = n*^^'^^" '^"' I ' ^ I • 



\k=l 

Lemma 13.141 yields the next corollary. 



Corollary 3.15. Here, we use notations in Lemma \3.14\ For j G {1,2, ... ,n}, there 
exists a subset J^. C {1,2, ... ,n} such that 

/xT„^ = [j{x'' = 0} 

in TAr(5-, £)|[/. 

Remark 3.16. For Corollary 13.1 5[ the set J^. can be written as 

J,, = {ke{l,2,...,n}\{v^,v,)^0}. 

For a G Smax, we define the set S^r by 

So- = {cr G S I cr C a}, 

and we denote by (So.)max the set {a G Sg. | dim a = n}. By using the expression of fj, in 
Lemma I3.14[ we can get the following lemma. 

Lemma 3.17. Let us fix a point zq E U , a set I C {1,2, .. . ,n}, and a cone a G Smax- 
We set 

Wi.,,,, = {{x',x^,..., x", zo) G ^n{o, C) I Vj G /, \x'\ < 1, Vj G {1, 2, . . . , n}, x' ^ 0}, 

and denote by Wi^a,zQ the set 

{(x^5^...,x^Zo)eTJv(a,£) |VA;GU,e,J,^,,|x'=|<l, Vj G {1, 2, . . . ,n},x^V 0} 

for each a G (So-)max- Here, we are using notations in Lemma 3.14 and Corollary \3.15[ 
Then, 

/^ I U ^^.^.^0 ] = W^/,.,.0 

\5-e(So-)max / 

holds. 

This lemma can be proved in the almost same way as those used in Lemma I3.13[ Ap- 
plying this lemma with / = {1,2,..., n}, we obtain the next corollary. 
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Corollary 3.18. Here we use notations in Lemma \3. 1 7\ Let us set 

ir, = {(x\x2,...,a:",^)GT^(a,£)|^|VjG{l,2,...,n},|a;^|<l} 

and 

K^ = {{x\x\..., x", z) e T^(a, C)\jj\yje{l,2,..., n}, |F| < 1} 

for each n-dimensional cone a G So-. Then, 



K„ 



holds. 

3.4. Convex subsets of M . Let S be a smooth projective fan of the n- dimensional 
lattice A^, cr G S be a n-dimensional cone, Wi,f2, . . . ,t;„ be a A^-minimal generators of a, 
and (x"'^,x^, . . . ,x", 2) be the canonical coordinate of TAr(cr, C)\u associated to ^1,^2, . . . ,t'n- 
Here, f/ is a sufficiently small open set in V . 

Definition 3.19. For A C a^, we define the set A by 

A = {m G cr^ I V'u; G a, min {m', w) < {m, w)}. 

m'£A 

When A = 0, we regards as cr^, formally. 

Definition 3.20. Let m„ be an element of the Cartier data D^ which is associated to a. 
We define the set S{Lq, h) C a^ by 



S{Lq, h)a = {m-m^ \m e DNef (-^0, h)}. 
Remark 3.21. In rije/il^^l < 1} x Uj^i^^ G C} x f/, 

max TT |x^f <™'^^-> = max TT |a;^f<"^-"^-^.) 

for any / C {1,2,..., n}, where m„ is an element of the Cartier data D^ which is associated 
to a. D 

Definition 3.22. For a point (xq, Xq, . . . , Xq, Zq) G Tiy{a, C)\u, let us define the set / by 
/ = {j G {1, 2, . . . ,72} I x^ = 0}. Here, we define the set P(/i, /2, . . . , fi){xl,xl...,x^,zo) for 
/i, /2, • • • , /i e C(4,^2,...,^5,^o) as follows. 

Let the Taylor expansion of each fy{i'= 1,2,...,/) around the point (xj, Xq, . . . , Xq , 2:0) 
for variables {x^}jei be 



Ji,(x , X , . . . , X ) — _^ ^ (X ) Ay^ct\X 



a>0 
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where a = {aj)j^i is a multi-index, the signature "(x^)"" stands for Y\jizi{,x^Y^ , and Ay^^ 



is the germ of a holomorphic function with {n — 4fl + (i)-variables {x , z) = {{x^)j0, 



z 



Using these letters, we define P(/i, /2, . . . , fi)(x^ 



[Xq,Xq,...^Xq ,Zq} 



by 



aj ■ v'J 



A.,^a,), ^Q)Ca\ 



-P(/l, /2, • • • , fl){xl,xl,...,x]^,zo) - IJ O .' 

y=i lie/ 
Remark 3.23. Here, we use notations in Definition I3.22[ Set 

Pa = -P(/l) f2, ■ ■ ■ 1 fl) {0,0,. ..,0,zo) 

for (0, 0, ... , 0, zo) £ TAr(a, i2)|t/- Let S be a smooth complete fan which is a subdivision of 
S, a G Smax be a cone such that 5" C a, Vi, ^2, . . . , w„ be A^-minimal generators of a, and 
(x^, x^, . . . , x", 2) be the canonical coordinate of T^io', C)\u associated to wi, ^2, ■ ■ ■ ,Vn- 
For the point (0, 0, ... , 0, 2:0), let us set 

Pa = P{fi* fl, fi* f2, ■ ■ ■ , fi* fi){o,o,...,o,zo), 
and assume that /j, is expanded as 



^u,{aj)j[Z) 



Ux\x\...,x\z)= J2 U^^'PA, 

{aj)j>Oj=l 

around (0, 0, ... , 0, Zq). Then, by Lemma [3. 14^ /i*/j, can be written as 

n 
(aj)j>Ok=l 

around (0, 0, ... , 0, zq). Thus, it follows that the following two sets are same; 



/ ( n 

U E 

v=l \ j=l 



a J ■ V 



I ( n 



r.fc 



y=l lj,fc=l 



Kia,), ^ [> . 



But, since the two signature ~ appeared in the definition of P^ and P^ are different from 
each other, we can not obtain nothing more than the inclusion P„ C Pa about these sets 
in general. 

Remark 3.24. Here, we use notations appeared in Definition 13. 22[ 

We remark that P(/i, f2, ■ ■ ■ , fi){x^,x'^,...,x",zo) is finitely generated in the following sense; 
There exists finite subset 

n 

{mi, m2, . . . , mz} C P(/i, /2, • • • , fi)ixl,xl,...,x^^,zo) ^ ® ^>o^^ 

j=i 
of the lattice such that the equation 



P{fl, /2, • • • , fl)(xl,xl...,x^,zo) = {"^1, "^2, . . . , mi} 
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holds. More generally, for any subset 

n 

i=i 

there exists finite subset {mi, m2, . . . , m;} C ^H 0"^^ Z>of-'of lattice points such that the 
equation 



A = {mi,m2,...,mj 
holds. 

Lemma 3.25. For any finite set A C 0?=i Q>o^'"' of rational points, there exists a smooth 
complete cone S which satisfies the following conditions; T, is a subdivision of S, and for 
all n-dimensional cone a G S satisfying a C cr, there exists an element rriQ G A such that 

niin{m,w) = {mQ,w) 

holds for all w G cr, where Ci, ^2, . . . , Cn is N -minimal generators of a. 

Proof. Let S be a fan which is made by cutting all cones of S by the all hyperplanes 

{w; G iVR I {mj,w) = {mk,w)} {mj.mk G A) 

of N^. Since A C 0"=i Q>oW"'; each cone of S is rational. Moreover, for all n-dimensional 
cone of E satisfying a C a, there exists an element m^ G A such that 

'iw G a, min(m, u;) = {m^,w). 
Let S' be a smooth fan which is a subdivision of S. This fan S' is what we desired. D 

4. Construction of minimal singular metrics 

Here, we use notations in the previous section. In this section, we construct a minimal 
singular metric of the big line bundle L = tt*Lq ® 0{Dh) over the total space of a toric 
bundle X = Tn{^,jC) over a complex torus V, where S is a smooth projective fan in a 
n-dimensional fan A^. According to Proposition 13. 7[ it is clear that the set npE(i^O; h) = 
DNef (Lq, h) is not empty in this setting. 

First of all, we define the singular hermitian metric e"'^'^'"' for each m G nNef(-^0; h). 

Definition 4.1. Let m be an element of nNcf(-^O) h), a he an element of Sjnax; Vi, V2, ■ ■ ■ ,Vn 
be iV-minimal generators of a, and {m„}„ be the Cartier data of Dh. Here, we define the 
plurisubharmonic function ipa,m on Tj^{a,C)\u by 



/ n 

Ip^^rnix-^ , x"^ , . . . , X", 2) = log I J]^ 

\i=i 



j\2{m-ma,Vj) 1 _|_,^^ ^ I ^\ 
X \ I ' ^Lo^C^yZ) 
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where f/ is a sufficiently small open set in V and we denote by <^Lo®c^ the function 
'^Lo + X]fci("^' "^il^cyi ■ For the definition of </?/,(, and v^^^j , see Proposition 12.51 And here, 
we formally regard 0*^ as 1. 



Remark 4.2. In Definition 14.11 the first term of the defining equation of '^a,m is clearly 
plurisubharmonic. According to Proposition 12.51 the second term is also turned out to be 
plurisubharmonic. From these arguments, we can conclude that V^o-,™ is a plurisubharmonic 
function, indeed. 

Remark 4.3. The functions {e~'^''''"}o-6Smax glue together to give a singular hermitian metric 
of L. Here, we explain this fact when m is a rational point of Mk for simplicity. 

Let z/ be a natural number such that vm G M. By Observation 13. 8[ i'ijja,m can be 
rewritten as 

l^tpa,m = log IX'""!^ + T^'PLom^- 

Since x^^ can be regarded as a meromorphic section of the line bundle 0{Dyh) ^7t*C^'^^, 
the first term of the right hand side of the above equation is turned out to be a local 
weight of a singular hermitian metric which is defined globally on 0{Dyh) ® 'Jt*C^'^"^. 
Since the second term is also a local weight of the hermitian metric globally defined on 
-7r*(LQ ® C^"^), the sum vil)a,m is a local weight of a singular hermitian metric globally 
defined on uL = ti*^ (g) 0{D^h). 

This explanation also makes sense in the general case, by considering formally with 
M-line bundles. 

Definition 4.4. We define the plurisubharmonic function ipfj on TN{a,C)\u by 
il)^{x^,x^,...,x'^,z) = max ip^^rnix^ ,x^, ■ ■ ■ ,x^,z) 

for a sufficiently small open set U oiV and a G S^ax- 

Remark 4.5. Since each il)a,m is plurisubharmonic, it is clear that the upper envelope 

{x\x\ . . . ,x",^) ^ hmsup 'ip.ie.e. • • • ,r,c) 

K^C^...,C,C)^(^^a^^.■■■,a;",2) 

of ipo- is a plurisubharmonic function. But here, the function 

is a continuous function on T]^{a, C)\u^ nNef(-^05 h), and DNcf (-^O; h) is compact, according 
to Lemma [3. 6[ This yields that the function 



((x\ x^, . . . ,x"-,z),m) I — > e'^"^'' '"" '■■■•^"'^) = max e'^"-'"^^ '"" '■■■•^"'^) 

menNef(io,^) 



is also continuous. Therefore, %jj„ itself is also a plurisubharmonic function. 

Remark 4.6. Remark |4. 3l yields that {e^'^'^jo-eSmax S^^^ together to give a singular hermitian 
metric of L whose curvature current is semi-positive. 
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Theorem 4.7. Assume that L is a big line bundle, then the singular hermitian metric 
Q-i>n of L is a minimal singular metric. 

From now on, we will prepare for the proof of Theorem 14 .71 Let cr G S be a n-dimensional 
cone, f 1, f2, . . . , Vn be A^-minimal generators of a, and (x^, x^, . . . , x", z) be the canonical 
coordinate of T7v(cr, £)|;7 associated to t'i,W2, ■ ■ ■ ,Vn, where f/ is a sufficiently small open 
set in V . We use these notations throughout this section. 

Lemma 4.8. Let us fix a point (xj!,,Xo, . . . ,Xq,zq) G T!^{a,C)\u, and denote by I the set 
{j G {1, 2, . . . , n} I Xq = 0}. Then, there exist constants Ci and C2 such that 

max log TT |a;i |2(™-'n<.,^.> + Ci < ^, < max log TT l^;^' |2(™-'"-^.) + C2 
menNef(Lo,/i) -"--^ menNef(Lo,/i) -"--^ 

holds on rije/lk"'! — 1} ^nj^/{l^''~^ol — (^j}>^U, where {Sj}j^i is a system of sufficiently 
small positive numbers such that ^ {\x^ — Xq\ < 6j} for all j ^ /, and rricr is the element 
of the Cartier data of Dh which is associated to a. 

Proof. The function 

(m, (x^-),^,, z) ^ log J] |x^f <"-^^) + ifLo^cA^) 

defined on DNcf (-^o? h) x Ili^/il^'' ~ ^ol ^ ^j} ^ U is continuous. According to Lemma [33| 
DNcf (-^0, h) X rii^/d^"' ~^ol ^ Sj} xU is compact, which yields that this function has both 
the maximum value and the minimum value, which we denote by Ci and C2 respectively. 
Therefore, the inequality 

log JJ |x^f <"*-™-''^> + Ci < ^,,„ < log JJ |x^f <™-"*-^^> + C2 

follows. We obtain the inequality of the statement by considering the maximum value of 
each term of the above inequality with respect to ?n G nNcf(-Z^o; h). D 

As we have set that L is big, thus is especially pseudo-effective, there must be a minimal 
singular metric of L. We fix one of these and denote it by /imm- 

Lemma 4.9. Let a be an element of Smax; and we denote the weight function of /imm 
around Tj^{a, C)\jj with respect to the local trivialization of L as in Observation \3.8{ by 
V^min,o- ■ Then, there exists a constant C^ such that 

holds on the set K^ = {{x^,x'^, . . . , x", z) G T]y{a, C)\jj \ Vj G {1,2,..., n}, \x^ < 1}. 

Proof. Let us denote by m^ the element of the Cartier data of D^ associated to a. Applying 
Lemma [4.81 with / = {1, 2, . . . , n}, it follows that there exists a constant C such that 

n 

max log TT |a;J- 12("^-'«..^.> < ^^ + C 

meDNcfCio.'i) -"--^ 

J=l 
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holds on Kfj. 

.j l2{m—ma,Vj) 



Hi r.r uOi 



Thus here, we compare v^min.a with m8iXmen^^f{Lo,h) logni=i k' 

We choose an infinite subsequence {z/} C N and a finite subset {fj^'jiKjKN^ of iJ°(X, vL) 
for each u satisfying the following condition; The function 

converges pointwise to 9?min,o- on X except a subset of measure as z/ — )■ oo, and the 
maximum value M^^ of ip^, on K^^ also converges to M<^^.^ o- = max^^ <Pram,a as z/ — )■ oo. 
The existence of these functions can be soon showed by applying Theorem 12.21 regarding 
if in the theorem as (1 — ^)^Pmm + |v^+ for each natural number k, where </?+ is the local 
weight of a singular hermitian metric h^ on L which satisfies \/—lQh+ > ^^ for some 
positive number e and a Kahler metric a; on X, whose existence was stated in Proposition 

Then, according to the next Lemma 14.101 the inequality 

n 

ip, < max log n |a;^-|2(— --.) + m^,^ 
holds on K(j. Considering this inequality as z/ — > oo, we obtain 

n 

V^min,. < max logTT |x^f ^'^-^-^^-^ + M^^^^^^,. 

on K„ except the subset of measure 0. But, since the both hand sides are plurisubharmonic, 
this inequality holds on whole K^j. 

According to the above argument, we obtain the inequality 

on Kai which proves the lemma. D 

Lemma 4.10. Here, we use notations which appeared in the proof of Lemma \4^ The 
inequality 

n 

if^ < max log n |a;^f("»-'»-^.) + m^ 

holds on Kfj. 

Proof. Let us set P{i pJ)„ = lP{fi''\ fi''\ . . . Jn!){o,o,...,o,zo)- According to Proposition 
13.71 and Observation I3.12| uP{ipy)a is a subset of S^LQ.uh)^. Since nNcf(-^o, i^/i) = 
z/DNef (-^0, h) holds, it tuns out that S{Lq, uh)cj = uS{Lq, h)^ , thus we obtain 
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Therefore, according to Remark 13. 2H it is sufficient to show the inequahty 

n 

ip,< max logrr|x^f<'"'"^>+M^, 

on i^o-- 

According to Remark 13.241 there exists a finite subset A of P{^Pu) whose elements are 

rational and which satisfies P{'~Pv) = A. For this set A, we fix such a subdivision S of S 
as in Lemma [3.251 In the following, we use notations we used in Section 4.2. According 
to Corollary 13. 18[ it is sufficient to show that 

fi*ip, < /i* f max logff |x^f <-'''^M + M^, 
on K^ = {{x\x^,...,x'',z) e TN{a,C)\jj \ Vj G {1, 2, . . . ,n}, |F| < 1} for each a G 

\^a) max • 

Since 

n n n 



\ogi[\fi*x^\'^"^'''^^ = logHn 



i=i j=i k=i 

n n 
j=l k=l 



Ix'^P 



^(m,t;fc)log 



x'^l^ 



k=l 

holds, we obtain 



-') 



u* max log! I k-'p'"''"^' 1 = max > (?Ti, i;.,) log Ix-'P. 

\ ]=1 / 3=1 

As log Ix-'p < holds for all j on K^, the equation we desire can be rewritten as 

n 

/iV, <logJ]|x^f<'"«'^^>+M^,, 
j=i 

where ttiq G P{ipv)a is such an element as in Lemma [3.25[ 

Let us set P{^,), = iP(/i7j'\/i*/f \ • • • ,/^7irj)(o,o....,o,.o)- According to RemarkE^Sl 
and since both P{ipy)^ and P{ipj,)^ are generated by the same set, it turns out that yU*/, 
can be divided by the function YYk=ii.'^^Y'''^°'''''^ for aU J ^ {1; 2, ... , A^;,}. Denoting the 
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quotient by (7 , the function /i*(/?i/ — logj^.^j |a;-''|2(™o,»'j> (^g^^ ]^q rewritten as 

n N^ 

/iV. - log n i5^^f ^'""'^■^ = ^ log E i^]'^i'- 

Thus, this function is a plurisubharmonic function on K^, and it has the maximum value 
on K^, which we denote by M^^ 5-. Then, since 

n 

/iV.<iogni5^'f^"'°''^'^+^^.,^ 

holds on K^. Therefore, it remains to prove that M^^,^ < M^^. 

Let the plurisubharmonic function fi*(fu — logllie/ |a;-^p™°'''^' hae the maximum value 
at the point (xq, Xq, . . . , Xq, zq) G K^. Then, it turns out that we may assume IxqI = 1 for 
all j after we change the point (xj, Xq, . . . , Xq, zq) G i^a- if necessary. It is because, when 
\xl\ < 1 for example, let us consider the function 

£i ^ ^*^^^s:\ xl xl..., x^, zo) - log ( |5;i|2(-o,^i> . "Q |5;^j2(mo,.,> 

Since this is a plurisubharmonic function on {|x^| < 1}, and according to the principle 
of the maximum, the value of the function above must constantly be M^^^^. Thus, in 
this case, we can change the point to another one whose coordinate satisfies th condition 
\xl\ = 1. 
Then, we can calculate that 

n 

M^^^a = Ai>.(x^, xl,..., x^, 2:0) - log Yl Ix^oP^'""'^^) = (^,(/i(xJ, xg, . . . , x^, zq)). 

i=i 

Since /i(xQ, Xq, • • • , Xq, 2:0) G K„, the value is at most M^^. D 

Proof of Proposition \4-7\ Let us denote by h the singular hermitian metric defined by 
{e~'^'^}a, and by h^o a smooth hermitian metric on L. Then, there exists upper semi- 
continuous functions </?min ^^^ ^' o'^ -^ such that 

h ■ ^ h P ^min h ^ h P ^ 

hold. Here, it is sufficient to prove that there exists a constant C such that 

holds on 7r-i(f7) C X. 

According to Lemma [4. 9 j for each a G Smax? there exists a constant C^- such that 
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holds on the set K^ = {{x\x^, . . . ,x'',z) G Tn{^,C)\jj \ Vj G {1, 2, . . . ,n}, |x^| < 1}. 
Thus, according to Lemma 13.131 

holds on 71^^ {U) C X, where C = maXg-eSmax C*o-- D 

5. Properties related to the singularities of minimal singular metrics 

5.1. Kiselman numbers and Lelong numbers of minimal singular metrics and 
Non-nef loci. Let X be a smooth projective variety over C and L be a line bundle over 
X. According to [3] 3.6, the next proposition follows. 

Proposition 5.1. If L is big, then the non-nef locus NNef(L) of L can be written as 

NNef(L) = {xeX \ z/((^„iin,x) > 0}, 

where e"*^""" is a minimal singular metric of L. 

According to this proposition, we can specify the non-nef locus of a big line bundle by 
calculating the Lelong number of a minimal singular metric. It can be done, actually, in 
our settings. 

Proposition 5.2. Let X be the total space of a toric bundle TAr(S,£) over a complex 
torus and L = ti*Lq ® 0{Dh) be a big line bundle over X, where T, is a smooth projective 
fan in a n-dimensional lattice N. The Kiselman number 

n+d 

y^min < tlog^ IC^f '"^ + C(l) around Xq 

associated to the coordinate ( = {(^, ('^, . . . , C"^"^) = (x^, x^, . . . , x"', z^,z'^, . . . , z'^) and w = 
(wj) G 0,g7 IR>o of a minimal singular metric e"'''™'" at a point xq = (xj, Xq, . . . , Xq , ^o) ^ 
TAr(o", £) (see [1] Section 5.2 for details) can be calculated that 



^C,wi.^^in, Xq) = sup < t > 



i^C«,(<^min, xo) = min ( m, V 



^'i 



■m^S(LQ.K)a \ ^ — ' Wo 

\ je/ ■> . 

where we denote by I the set {j | Xq = 0} and by (x^, x^, . . . , x", z^, z"^, . . . , z'^) the canonical 
coordinate of Tn {a, C)\u associated to N-minimal generators vi,V2, ■■■ ,Vn ofa. Especially, 
the Lelong number at xq can be calculated that 

i^{^mm,Xo)= min V'(m,t;j). 

m£S{Lo,h)a — ■ 

Here, we are using notations in the previous section. 

Proof. Applying Theorem 14.71 with Lemma 14.81 and Remark 13. 21^ it is obvious that 

I^^^(<^mm,Xo) = Z/f^flog maX_ "ff |x^f <"''^^\ Xq 



(log max I I 
me5(Lo,h)a-'--^ 
J6/ 
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Thus, here we consider the condition 

n+d 

log max n Ix^f ^'"•^^^ < tlog V IC^f '"^ + C(l) 
je/ 3=1 

around Xq for a nonnegative number t. 



Let us set / = \ YTj=i IC-'P"'-' and define a point {sj)j^i of the {n + d — l)-dimensional 
sphere 5'"'"'"'^"-'^ by \C,^\ = I ■ Sj for all j and {(^, C^,- ■ ■ , C") 7^ Xq. Then the above condition 



can be rewritten as 



2(m,E,e/^\— '<'"- 



log max \l\'^'^'-^/Y\s,^^'^\<t\ogf + 0{l). 

Here, let mo G S{Lo, h)cr be an element which realize the minimum 

min y ( ?7i, — ) . 

m&S(Lo,h)^ ^ \ Wj / 

By using this ttiq, the left hand side of the above inequality can be rewritten as 



mo, > ^^ )log/ + log max / \ ^ s,- 

Since the obvious relation 



log n 4^""^^ < log max (K"-™'^-' %) n ^"^"'-^ 



J6/ V je/ 



holds, the condition can be rewritten as 



(mo,V^)log/^<tlog/2 + 0(l), 



which proves the proposition. D 

Corollary 5.3. Let X, L he as that of the previous proposition. The following conditions 
related to the behavior of the minimal singular metric e"*^'"'", ¥^^((7, £) of L over X at a 
point Xq are equivalent. 

(1) V'min(a;o)(= ^a(a;o)) = -oo- 

(2) %Ij„ is not continuous at xq. 

(3) z/(v9min,a;o)(= ^{i'a.XQ)) > 0. 
especially, 

<^min(-00) = Pole((^min) 

holds, where we denote by Pole(v9niin) the set {x E X \ i^(</3min,a;) > 0}. 



24 TAKAYUKI KOIKE 

The next proposition is also obtained easily by Theorem 14.71 

Proposition 5.4. Let X,L be as that of Proposition ISTB . Then, Pole{(f^in) is a Zariski- 
closed set. 

Proof. Here, we use notations appeared in the proof of the Theorem 14 .71 Then, the set 
Po\e{ipa) can be written as 

I 
Pole(y.^i,) = f][j{x' = 0} 

j=i k&ij 

on T7v(o", C)\u for some Ji, J2, . . . , /; C {1, 2, . . . , n}, and this proves the proposition. D 

According to these argument, we obtain the following corollary. 

Corollary 5.5. Let X be the total space of a toric bundle TAr(E,£) over a complex torus 
and L = 7t*Lq (8) 0{Dh) be a big line bundle over X , where T, is a smooth projective fan. 
Then, the set NNef(L) is Zariski- closed subset of X . 

5.2. Multiplier ideal sheaves. Let S be a smooth projective fan of a n-dimensional lat- 
tice A^. Let us fix A^- minimal generators Wi, f2, . . . , fn of a G Smax? and let {x^^x^, . . . , a:", z) 
be the canonical coordinate of Tn{o-, C)\u associated to fi,t'2, ■ ■ ■ ,Vn, where ^ is a suffi- 
ciently small open set mV . In this section, we consider the condition 



mill; 



(xi,zg,...,a::Jf,zo)' 



where (xj, xg, . . . , x[f, 2:0) is a point of TAr(a, C)\u, f is an element of Ox^{a;lxl,...,x^,z) \ {0}, 
t is a positive real number, and hj^i^ is a minimal singular metric of L. In the following, 
we also denote by J'itip^i^) the multiplier ideal sheaf i7(/imin) by using the local weight 
function (/^min of the singular hermitian metric /imin- 

Let us set / = {j G {1, 2, . . . , n} | Xq = 0}. For this set /, let us denote the expansion 
appeared in Definition 13.221 by 

/(x^x^...,x^^) = y1 ^(^')"'^E,a,^^(^'^^) 

where the map Pr stands for the projection from Mk to Spaujgjt'-'jjg/. As the dual version 
of this map, we denote the projection from A^ to Spanjgjfjjjg/ by Pr/ in the following. 
Let A C P(/)(Xq, Xq, . . . , Xq , 2:0) be a set of lattice points such that 

P{f)ixlxl...,x^,zo) = ^ 

holds. 
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Corollary 5.6. In the above setting, the following are equivalent. 

(1) / e J'(tV5min)(xi,x2,...,x5,2o)- 

(2) mill (m, w) < (mo + / v^ , w) for all ttiq G A and w G Pr/(a") \ {0}. 

metS{Lo,h)„ ^-^ 

Corollary 15.61 soon follows from Theorem 14.71 and the next theorem, which is the special 
version of the result of Guenancia [10] referring to the way to compute the multiplier 
ideal sheaves associated to "toric plurisubharmonic functions". More preciously, we can 
obtain Corollary 15.61 by applying Theorem 15.71 with regarding {x^)'^^^ in the theorem as 
{x^)j(zi in the corollary, and {z^)'j^i in the theorem as {{x^)j^i, {z^)'j^i) in the corollary, 
and repeating the same argument as in proof of Lemma \^M This theorem can be regarded 
as a generalization of the famous Howald's result ([TT] Theorem 11) in algebraic settings. 

Theorem 5.7. (The special version of [lO] Theorem A) Let S be a compact subset of 
©?=i I^>o^"' o.iT'd let us consider the plurisubharmonic function 

n 

i:{x, z) = ^(x\ x^ . . . , x'^, z\ z\..., z'^) = logmaxTT Ix^f"*'''^^ 

m£S -'--'- 

defined on the neighborhood of E C"'^'^, where fi, ^2, ■ ■ ■ ,Vn is the dual basis of {v^)j- Let 
f be an element of the stalk O^n+d^ and let us denote the Taylor expansion of f for the 
variables x = {x^)j be 

n 

where each Am is an element of the stalk O^dQ. Then, the following are equivalent. 

(1) /Gj(^)o. 

n n 

(2) min(m, w) < (mo +/ v\ w) for all mo G 5 and w G hR M>o'Wj \ {0}. 

According to Corollary 15.61 [5] 1.10, 1.11, and [13] 11.2.12 (ii), we obtain the next 
corollary. 

Corollary 5.8. Let X be the total space of a smooth projective toric bundle over a complex 

torus, D be a big divisor on X , and e~'^""" be a minimal singular metric on the line bundle 

0{D). 

(1) If f E J{t^min)xQ at the point xo, then f G j7'((l + £:)t(y5min)xo holds for sufficiently small 

positive number e and any positive real number t. Especially, since the sheaf J{tiprain) is 

coherent, it follows that 
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(2) Let P be a nef big divisor on X , then 

H^{X, 0{Kx + P + L) ® J{^^,^)) = 

holds for all j > 0. 

The next conjecture is by Demailly and Kollar. 

Conjecture 5.9. (A weak form of the openness conjecture [7]j Let X be a complex mani- 
fold, X be a point of X, and (p be a plurisubharmonic function defined on some neighborhood 
of X. Then, 

{t > I e"*"^ is integrable around the point x} = (0, Cx{(p)) 

holds. 

Corollary 5.10. Conjecture \5.9\ is affirmative in the setting that X is the total space of a 
smooth projective toric bundle over a complex torus and ip is the local weight of a minimal 
singular metric of a big line bundle over X . 

6. Some examples 

In this section, we will introduce three examples for X and L in the previous sections. 
We construct them as P^-bundles over abelian surfaces, by following [13] CHAPTER IV 
§2.6 basically. In this section, we use notations we introduced in Example 12.101 

As a preparation, we first recall a useful lemma to see L is big. 

Lemma 6.1. In the setting of Example \2.10[ L is big if and only if there exists a triple 
(a, b, c) of nonnegative integers such that Lq® L\® Lj is ample line bundle over V . 

This lemma can be easily shown by applying the result known by Cutkosky ([12], Lemma 
2.3.2) and the fact that the ample cones of complex tori coincide with these big cones. 

Let i? be a sufficiently general smooth elliptic curve and o be a point of E. For example, 
you can choose C/(Z + (tt + -y/— 1)Z) for E. Let 

V = ExE. 

It is known that the rank of the Neron-Severi group NS(\^) of V is three and this group is 
generated by the following three classes ([12] Chapter 1.5.B). 

• /i = ci{Oy{Fi)) , where Fi stands for the prime divisor {o} x E dV . 

• /2 = ci{Oy{F2)) , where F2 stands for the prime divisor E x {0} C V . 

• 5 = ci((9y(A)) , where A stands for the prime divisor {(x, y) & E x E \ x = y}. 

By using these three classes, the nef cone Nef (y) of V can be written as 

Nef (y) = {afi + 6/2 + c5 I a, 6, c e M, ab + bc + ca>0, a + b + c>0}. 

In order to obtain more useful expression of Nef (V^), let us define the other basis of NS(\^)® 
Mby 

h = kfi + /2 - 25), h = \{-Vlfi + v^/2), and h = kfi + /2 + S). 
00 
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By using these classes, Nef (V^) can be written as 

Nef(\/) = {ah + 6/2 + ch \c^>a'^ + b\ c> 0}. 
This expression of Nef (y) makes it easy to judge the nef-ness of hne bundles. 

Example 6.2. The first example is an example which admits a Zariski-decomposition 
after appropriate proper modifications. Let us fix two positive natural numbers u < v and 

set 

Lo = 0{-uFi - UF2 - uA), 

Li = 0{{u + v)F^ + {u + v)F2 + i-2u + v)A), 

and 

L2 = 0{i-u + v)F^ + {-u + v)F2 + i2u + v)A). 

Then, we can easily calculate that 

ci(Lo) = -Quls, ci(Li) = 6(u/i + w/3), and ci(L2) = 6(-n/i + vl^). 

These expressions makes it clear that the line bundle Li (g> L2 is ample and, according to 
Lemma 16. H that L is a big line bundle in this case. 

The set nNef(-^05^) in this setting is rational polyhedral. More preciously, nNcf(-^o,^) 
is the convex closure of the five points 

' w ' 2(u + v) 2(u + v) ' t> 



in Mk. So, by applying Theorem 14.71 it soon turns out that the weights of a minimal 
singular metric 'i/'o-j 's satisfies 

i'aj ~sing 1 

at any points of X except for the locus F{Lq), and 

^.,(x^x^z) ~,i.g ^ .\ . logmax{|x^p(^"+^"), IxT^^-^^^^ Ix^r^IxT"} 

"" ■ '■ „l\2{2u+2v) , \ 2\2{2u+2v) , 1 l|2t)| 2|2i;^ 



log (|xl|2(2"+2-) + |a;2|2(2«+2.) ^ j^;! |2.|^2|2.^) 



Slug o / I \ 

at a point (0,0, 20) £ IP(-^o)- Therefore, it follows that the non-nef locus NNef(L) is a 
Zariski-closed subset P(Lo) of X. 

According to [H] 2.5, the fact that nNcf(-^05^) is ^ rational polyhedral yields that L 
admits a Zariski-decomposition after appropriate proper modifications. Especially, when 
u and V can be written as 

M = 1, t; = 2?T, — 2 
for some integer n > 1, {X, L) is an example which admits a Zariski-decomposition just 
after the n-time blow-up centered at the non-nef locus of the pull-back of L. It can be also 
checked out by using the above expression of the minimal singular metric of L. 

According to the above expression of nNef(-^o;^); the result of Corollarv 15.61 can be 
rewritten as following. First, it is clear that J{h\^:^^ is trivial at any point in X \ ¥{Lq). 
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Next, for a point xq E P(-^o)! the stalk of Jl{h„iin)xo of the multipher ideal sheaf at xq is 
the ideal of Ox,xo which is generated by the system of the polynomials 

{{x'nx^y I (j9 + 1, g + 1) G lnt(^0 n Z^}, 

where we denote by Int(S'() the interior of the set 

St = {{{tm, ei), (tm, ea)) eR^\me 5(Lo, h)^,}. 

For the detail shape of St, see Figure [2] below. 




Figure 2. The shaded area of this figure represents the set ^i. The set St 
is the set of points p G M^ which satisfies | G 5*1. 

Finally, we introduce the result about the jumping numbers associated to the minimal 
singular metric. As above, we can calculate the multiplier ideal sheaves i7(/imin) ^^ ^^Y 
positive real number t. By using this result, we can calculate that the set of the whole 
jumping numbers Junip{ip^-^] Xq) at a point Xq G P(-^o) can be written as 

Jump(V^^^;xo) = ^2p + {p + q)- p,q e Z, I < p < qj , 

and the singularity exponent Cri.g{ip„^) , which is the least number in Jumpltp^-^; Xq), satisfies 



Cxo vrcri , 



2 1 + 



u 



Remark 6.3. In Example 16.21 the behavior of the multiplier ideal sheaf J{^a^ around a 
point of P(-Lo) coincides with that of the (algebraic) multiplier ideal sheaf i7(a'^), where 
a is an ideal generated by ((x"'^)^'^""'"*'^ (x^)^^""^''\ (x"^)^(x^)^) and c is the rational number 



2v{u-\-v) ' 

This means that the analytic multiplier ideal sheaf J'{'ipai)xo has properties same as 
algebraic multiplier ideal sheaves. For example, it is known that, related to the algebraic 
multiplier ideal sheaf i7(a'^), the set of the whole jumping numbers Jump (a; Xq) is a discrete 
subset of the set of rational numbers Q, and has the property so-called "periodicity" in a 
sufficiently big parts of this set (see [S] 1.12 for details). Indeed, it can be easily checked 
that Junip{ip„-^] xq) is a discrete subset of Q, and has a "period" c~^ = 2i;(l + -). 
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Example 6.4. As a second example, we introduce the example found out by Nakayama 
(|14]). which admits no Zariski-decomposition even after any proper modifications. 
Let us fix a natural number a > 1 and set 

Lo = 0(2Fi-4F2 + 2A), 
Li = C((a-l)Fi + (a-l)F2 + (a + 2)A)A), 
and 

L2 = C((a + 3)Fi + (a-3)F2 + aA). 
Then, we can easily calculate that 

ci(Lo) = -6(/i + \/3/2), ci(Li) = 6(-/i + a/3), and 01(^2) = 6{-V3l2 + 0/3)- 

By these expressions, it turns out that the line bundles Li and L2 are ample and, according 
to Lemma 16.11 that L is also a big line bundle in this case. 
For this setting, see Section 1. 

Example 6.5. Finally, we introduce an example which can be proved that admits no 
Zariski-decomposition even after any proper modifications in the almost same way to the 
case of previous Nakayama's example, but whose minimal singular metric can be expressed 
more easily. 
Let us set 

Lo = C(4Fi + 4F2 + A), 

Li = Ox, 
and 

L2 = C(-Fi + 9F2 + A). 
Then, we can easily calculate that 

ci(Lo) = 6(/i + 3/3), ci(Li) = 0, and 01(^2) = 6/1 + IOV3/2 + I8/3. 



By this expression, it turns out that the line bundle Lq is ample and, from Lemma 16. ![ 
that L is also a big line bundle in this case. 

The set n^ci{Lo,h) in this setting is not rational, but is polyhedral. More preciously, 
DNef (Lo, h) is the convex closure of the three points 

1 , 2^6 2 
0, e , and e 

5 

in M]R. So, applying theorem 14. 7[ it soon turns out that the weights of a minimal singular 
metric ipaj^s satisfies 

^aj ~sing 1 

at any points of X except for the locus P(L2), and 

-0^3 (a:\ a:^ 2;) ~sing logmax{|a;°|^°, |a;^|^} 

-sing \0g{\xT + \x'n 
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at a point (0, 0, 2:0) G P(i^2), where we denote by a the positive irrational number 1 — ^^. 
Therefore, it follows that the non-nef locus NNef (L) is a Zariski-closed subset P(L2) of X. 
According to the above expression of n^ci{Lo,h), the result of Corollary 15.61 can be 
rewritten as following. First, it is clear that i7'(/i^in) is trivial at any point in X \ P(L2). 
Next, for a point xq G P(-^2), the stalk i7(/imin)xo of ^hs multiplier ideal sheaf at Xq is the 
ideal of Ox,xo which is generated by the system of the polynomials 

{{xyix'^y I (p + 1, g + 1) e IntiSt) n Z2}, 

where we denote by St the set {((tm, ei), {1171,62)) G M^ | m G ^(Lo, /i)^.,}. For the detail 
shape of St in this case, see Figure [3] below. 



a 




Figure 3. The shaded area of this figure represents the set Si. The set St 
is the set of points p G M^ which satisfies j ^ Si. 



Let xo be a point in P(L2). In this case, Jum.p{ip^^; xq) can be calculated that 

Jump(V'<T3; Xq) = Z>o © - ■ Z>o, 

a 



and the singularity exponent can be calculated that 
which is not rational, too. 



1 

1 + -, 
a 



Proposition 6.6. In the above settings, L admits no Zariski-decomposition even after any 
proper modifications. 

Proposition 16.61 can easily be proved by making such a sequence as in Lemma 16.71 

Lemma 6.7. (^[H] 2.11) Let us consider a countable sequence of blowing-ups 

•■■—)■ Xn — )■ Xn^i —)■■■■—)■ Xi — )■ Xq 

and denote by fi^, the blowing-up morphism Xy -^ Xy^i. Assume that the center of each 
blowing-up /x„ is a smooth subvariety Vn C Xn-i of codimension 2, and let us denote the 
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exceptional divisor fi~^{Vn) by En- We also assume that each big M-divisor Dn of Xn 
satisfies the following three conditions; 

(1) /in(K+l) = K, 

(2) Z/({^n-l},K)>0, 

(3) Dn = fi^Dn-l - iyi{Dn-l}, Vn)En. 

Then, Dq admits no Zariski- decomposition even after any proper modifications. 
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